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• A new and novel algorithm named Generalized Cross Entropy Model (GCEM) is proposed.
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• Existing maximum entropy procedures are shown to be just special cases of GCEM.
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a b s t r a c t

Obtaining a full joint distribution from individual marginal distributions with incomplete
information is a non-trivial task that continues to challenge researchers from various
domains including economics, demography, and statistics. In this work, we develop a
new methodology referred to as ‘‘Generalized Cross Entropy Method’’ (GCEM) that is
aimed at addressing the issue. The objective function is proposed to be a weighted sum of
divergences between joint distributions and various references. We show that the solution
of the GCEM is unique and global optimal. Furthermore, we illustrate the applicability and
validity of the method by utilizing it to recover the joint distribution of a household profile
of a given administrative region. In particular, we estimate the joint distribution of the
household size, household dwelling type, and household home ownership in Singapore.
Results show a high-accuracy estimation of the full joint distribution of the household
profile under study. Finally, the impact of constraints and weight on the estimation of joint
distribution is explored.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Understanding household composition and profile of a geographic area is a burgeoning topic of research in the field
of demography and crucial in many aspects of urban planning [1–3]. Knowing, for example, the historical spatiotemporal
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trends in the demand for housing may allow city planners to gauge and project future demands, which not only affect
the required number of housing units but also the demands for other amenities such as schools, parks, roads, and public
transport [4].

The availability of census data has played a huge role in providing government agencies and other stakeholders with rich
information about the socioeconomic reports of individuals in a population. This allows them to project populations and
map out other provisions within an administrative region. On the other hand, these data are usually provided in aggregates
and under distinct and separate variables due to confidentiality reasons, and/or the large quantities of data involved [5]. In
order to know the household profile and composition, which is amulti-dimensionalmatter involving an amalgam of various
measures, such as household size, dwelling type, and ownership, one needs to recover the joint distribution of the quantities
under consideration.

The recovery of a joint distribution from incomplete information is a non-trivial task, and a key problem confronting
many statistical researchers [6–12]. The main difficulty lies in how to incorporate all relevant information and guaran-
tee the accuracy of the estimation. Methods like Bayesian [7,13], least square [6], and generalized method of moment [8],
have been proposed for estimating a full joint distribution with known low-order joint probability, and other related in-
formation. However, Bayesian method is limited to estimate joint distributions with relatively few free cells [8], while the
least squares method may lead to negative probability estimates [9]. On the other hand, the maximum entropy method
[9,10,14–16] demonstrates good accuracy and appropriately describes the dynamics of various statistical and physical
systems [17–21].

In this work, we develop a Generalized Cross Entropy Method (GCEM) to estimate a full joint distribution of a household
profile by formulating the household size (HS), household dwelling type (HD), and home ownership (HO) measures as
constraints, with the objective of minimizing a weighted sum of divergences between the estimate and a set of references.
The term GCEM stems from the objective function expressed as a weighted sum of cross entropy (CE) [22,23] and entropy.
The CE for discrete systems are described in Ref. [22], while for continuous systems it is reported in Ref. [23]. We show
that our proposed procedure is more general and flexible as it is built to incorporate multiple references. That is, existing
maximum entropy procedures [9,10,14–16] can be formulated as special cases of our framework. For purpose of illustration,
we use data from the Singapore Department of Statistics (SDOS) (http://www.singstat.gov.sg) and show that GCEM yields
high-accuracy estimation of the full joint distribution of the household profile.

The article proceeds as follows. In Section 2, we present the theoretical framework of GCEM. In Section 3, we illustrate
the efficacy and accuracy of GCEM in dealing with Singapore household data. This is then followed by a discussion on the
selection of constraints and weights in Section 4. Finally, summary and conclusions are provided in Section 5.

2. Generalized cross entropy method

2.1. Theoretical framework

Existing maximum-entropy methods are typically used for the recovery of joint distributions aimed at solving a well-
defined problem described by a known reference distribution. In the absence of a priori estimation of the joint distribution,
the reference is normally a uniform distribution (i.e., pure maximum entropy) [10]. The reference can be the product of the
marginal distributions [14], if the marginal is available, or the prior estimator of a joint distribution [15,16]. However, the
reference may not be the sole factor that needs to be considered as there may exist more than one prior estimate, which
can be in conflict with each other. To address this limitation, we propose here a Generalized Cross Entropy Method (GCEM)
where the objective function to be minimized is a weighted sum of divergences between the joint distribution and the
references. That is,

Min E(p) =

I
i

ωiEMDI(p, qi) +


1 −

I
i

ωi


EME(p)

s.t. Ap = a;
Bp − b ≤ 0;

−pj ≤ 0; i = 1, . . . , I, j = 1, . . . , J

(1)

wherep = [p1, . . . , pJ ]⊤ is the joint distributionwith J representing the dimension; qi = [qi1, . . . , qiJ ]⊤ is an initial estimate
of p; I is the number of references; ωi ≥ 0 (


i ωi ≤ 1) is the weight on qi, or the researcher’s belief on qi; A and B are

matrices, a and b are vectors, where Ap = a and Bp − b ≤ 0 represent the constraint conditions of the model.
The first term in Eq. (1) is a weighted sum of the Kullback–Leibler (KL) distance [24] between the joint distribution and

its prior estimates. Minimizing this term follows the minimum discrimination information (MDI) principle. This part is thus
denoted by EMDI(p, qi). The second term is a proportion of a negative entropy, i.e., the distance between the joint distri-
bution and a uniform distribution. To minimize this part, we follow the principle of maximum entropy (ME)[25] denoted
by EME(p).

http://www.singstat.gov.sg
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Remark 1. The objective function in Eq. (1) simplifies to

E(p) =


i


j

ωipj log(pj/qij) +


1 −


i

ωi


j

pj log(pj)

= −


i


j

ωipj log(qij) +


j

pj log(pj)

=


i

H(p, qi) − H(p). (2)

As Eq. (2) is actually a weighted sum of cross entropy [22] H(p, qi) and entropy H(p), we refer this method as GCEM.

Remark 2. The existing maximum entropy objective functions are found to be special cases of our objective functions.
If


i ωi = 0, the objective function in Eq. (1) is a pure maximum entropy (see Ref. [10]). If


i ωi = 1, the objective
function becomes the minimum discrimination information. This objective function is identical to what has been described
in the maximum entropy weights imputation procedure [9,15,16]. If the reference distribution is a product of marginal
distributions, it becomes [14]. This illustrates that the proposed GCEM is more general and flexible than existing maximum
entropy methods.

Remark 3. The objective function in the proposed GCEM can also be extended to continuous system with

EMDI(P,Q ) =


+∞

−∞

(P(x) log(P(x)/Q (x)) + (1 − Q (x)) log((1 − Q (x))/(1 − Q (x))))dx

and

EME(P) =


+∞

−∞

(P(x) log P(x) + (1 − P(x)) log(1 − P(x)))dx

where P is the objective joint cumulative distribution function and Q is the reference distribution (see Ref. [23]).

2.2. Model solution

The Lagrangian of Eq. (1) is given by:

L(p; λ, β, γ) = E(p) + λ⊤(Ap − a) + β⊤(Bp − b) − γ⊤
· p (3)

with λ, β and γ being the Lagrange multipliers [26–28].
The Hessian matrix H of the objective function in Eq. (1) is:

H =
∂2E(p)

∂p2
=


1/p1 0 0 · · · 0
0 1/p2 0 · · · 0

...
...

...
. . .

...
0 0 0 · · · 1/pJ

 , (4)

where E(p) is expressed as Eq. (2). Since pj ≥ 0 for all j = 1, . . . , J , it is easy to see that H is a definite positive matrix. As
the objective function and the feasible domain of Eq. (1) are convex when A and B are known, hence the problem is a convex
optimization. Therefore, we have the following conclusion:

Theorem 1. If the optimization problem defined by Eq. (1) with known matrices A and B has a solution, that solution is unique.
The unique solution of Eq. (1) can then be obtained by solving the Karush–Kuhn–Tucker (KKT) conditions [29–31], which are
outlined below:

∂E(p)

∂p
+ A⊤λ + B⊤β − γ = 0;

Ap − a = 0;
Bp − b ≤ 0; βk(Bkp − bk) = 0, k = 1, . . . , K ;

−pj ≤ 0, γjpj = 0, j = 1, . . . , J;
β ≥ 0; γ ≥ 0

(5)

where K is the number of rows of matrix B, βk is the k th element of β, and Bk is the k th row of B.
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Table 1
Singapore Household Profile. The table lists the different parameters (Dwelling Type, Household size, and
Ownership) that comprise a household profile. Each of these variables is further broken down into sub types.

i Dwelling type j Household size k Ownership

1 HDBa (RMb 1–2) 1 1 person 1 Owner
2 HDB (RM 3) 2 2 persons 2 Not Owner
3 HDB (RM 4) 3 3 persons
4 HDB (RM 5+) 4 4 persons
5 HDB (Other) 5 5 persons
6 Condo 6 6+ persons
7 Land
8 Other
a Public flats provided by Singapore Housing & Development Board (HDB).
b Number of rooms.

Proof. For Eq. (1), its objective function and inequality constraint functions are convex, and its equality constraint functions
are affine. Eq. (1) is thus a convex optimization problem (see page 136–138 in Ref. [31]). Hence, any local optimal for this
optimization problem is also globally optimal. Based on the KKT conditions for convex optimization problems [29–31], the
conditions for Eq. (1) are obtained immediately as shown in Eq. (5).

Remark 4. According to Theorem 1, a necessary condition for the existence of a unique solution of Eq. (1) is that A and B
satisfy: the rank of matrix


A
B


is m = L + K , where L and K are the number of rows of matrix A and B, respectively, and

L + K ≤ J .

Remark 5. The constraint conditions in Eq. (1), which capture the marginal distribution, low-order joint distribution,
moments, and other related characteristics of the joint distribution, are not necessarily linear. As shown in the proof of
Theorem 1, the inequality constraint functions can be relaxed to be convex.

3. Generalized cross entropy method application

3.1. Problem formulation

In this section, we apply the GCEM in the estimation of the distribution of Singapore household profile. More particularly,
we estimate the solution using the joint probability of the household dwelling type (HD), household size (HS) and home
ownership (HO) measures.1

Singapore is a city-state and island country in Southeast Asia with 5.54 million residents and 719 square kilometer
land in 2015. Majority of the residential housing developments in the city-state are presided over and established by the
government. Around 85% of residents live in such public houses that have several types classified on the basis of the number
of rooms (see Table 1). The remaining housing options are from private developers that include condominiums and landed
properties.

We first define pijk as the joint probability distribution of HD (i), HS (j) and HO (k), where i = 1, . . . , I , j = 1, . . . , J and
k = 1, . . . , K . Here I is the number of dwelling types, J is the number of household size categories, and K is the number of
ownership category. A more detailed definition of i, j and k is provided in Table 1 with household profile data taken from
the Singapore Department of Statistics (SDOS).2 In total, there are 96 elements in the joint distribution pijk to be estimated.

Our objective is to estimate the joint household distribution, i.e., the above mentioned 96 elements, for the year t0.
Although the full joint distribution for the year t0 is not known, we do have some aggregate and other information which
may be helpful in the estimation process. For example, we may know some joint household distributions for some other
years instead of t0. Moreover, for the year t0, it is also possible for us to observe or obtain some aggregate data. Therefore,
the challenge here is estimating the joint distribution when information is incomplete.

The SDOS public website provides joint distributions of HS, HD and HO in years 2000, 2005 and 2010. In addition, some
aggregated data set tables are also available from the year 2000 to 2010, which are as follows:

1. Subtotal of the number of resident HD, from which we can obtain the proportion of each resident HD, which is denoted
as pi··;

2. Subtotal of the number of resident HS, from which we can obtain the proportion of each resident HS, which is denoted
as p·j·;

3. Average resident households size for each HD, which is denoted as ei;
4. Home ownership rates among resident households for each HD, which is denoted as pk|i.

1 The choice of variables arose from the authors’ close discussion with the Singapore Urban Redevelopment Authority (URA).
2 SDOS website: http://www.singstat.gov.sg/.

http://www.singstat.gov.sg/
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Using the historical joint distribution as the prior information of estimation, and the aggregated data as constraints, the
GCEM in Eq. (1) yields:

Min E(p(t0)) =


t


i,j,k

ωtp
(t0)
ijk log(p(t0)

ijk /q(t)
ijk ) +


1 −


t

ωt


i,j,k

p(t0)
ijk log p(t0)

ijk

s.t.




j,k

p(t0)
ijk = p(t0)

i·· ;


i,k

p(t0)
ijk = p(t0)

·j· ;
j

p(t0)
ijk = p(t0)

k|i · p(t0)
i·· ;


j

j · p(t0)
j|i ≤ e(t0)

i ;
i,j,k

p(t0)
ijk = 1; −p(t0)

ijk ≤ 0

(6)

where p(t0)
j|i =


k p

(t0)
ijk /p(t0)

i.. , q(t)
ijk is the joint probability in year t (t ≠ t0), ωi ≥ 0, and 0 ≤


ωi ≤ 1. t can be 2000,

2005, or 2010, or any combination of them. If we let xsize denote household size, then the average household size of dwelling
type i satisfies e(t0)

i =


xsize · p(t0)
xsize|i

. As j = 6 implies xsize ≥ 6 according to the definition of j (see Table 1), we have
j j · p

(t0)
j|i ≤ e(t0)

i .

Remark 6. The constraints in Eq. (6) can be expressed in the same form as in Eq. (1), with

84  

A =



1 1 1 1 1 1 · · · · · · 0 0 0 0 0 0
.
.
.

.

.

.
.
.
.

0 0 0 0 0 0 · · · · · · 0 0 0 0 0 0
1 1 0 0 0 0 · · · · · · 0 0 0 0 0 0

.

.

.
.
.
.

.

.

.
0 0 0 0 0 0 · · · · · · 0 0 1 1 0 0
1 0 1 0 1 0 · · · · · · 0 0 0 0 0 0

.

.

.
.
.
.

.

.

.
0 0 0 0 0 0 · · · · · · 1 0 1 0 1 0
1 1 1 1 1 1 · · · · · · 1 1 1 1 1 1


21×96

, (7)

a = [p(t0)
1.. , . . . , p(t0)

7.. , p(t0)
.1. , . . . , p(t0)

.5. , p(t0)
1.1 , . . . , p(t0)

8.1 , 1]⊤, (8)

and

84  
B =


1 1 · · · 6 6 · · · · · · 0 0 0 0 0 0

.

.

.
.
.
.

.

.

.
0 0 0 0 0 0 · · · · · · 1 1 · · · 6 6


8×96

, (9)

b = [e(t0)
1 , . . . , e(t0)

8 ]
⊤. (10)

Remark 7. The design of A and B is to guarantee their full-rankness. The first 7 rows of matrix A and the first 7 elements
of vector a give the first 7 equations in


j,k p

(t0)
ijk = p(t0)

i·· (i = 1, . . . , 7). When i = 8,


j,k p
(t0)
8jk = p(t0)

8·· is collinear with
i,j,k p

(t0)
ijk = 1, which is given by the last row of A and last element of a. The 8th through 12th row of A represents the 5

noncollinear equations in


i,k p
(t0)
ijk = p(t0)

·j· with j = 1, . . . , 5. Then, the 13th through 20th row of A is the 8 noncollinear

equations in


j p
(t0)
ijk = p(t0)

k|i · p(t0)
i·· with i = 1, . . . , 8 and k = 1 as pi.2 = pi.. − pi.1 (i = 1, . . . , 8). Matrix B and vector b

reflect the constraints in


j j · p
(t0)
j|i ≤ e(t0)

i , i = 1, . . . , 8.

For the purpose of validation, we estimate the joint distribution for the year 2010 (i.e., t0 = 2010) based on the historical
joint distribution and the available aggregated data set tables.

Remark 8. As discussed above, we do not know the full joint distribution for the year 2010. However, it is possible for
us to know some aggregate information. For example, we do know certain marginal information such as p(2010)

i·· , p(2010)
·j· ,

e(2010)
i p(2010)

k|i in Eq. (6).
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(a) True joint distribution in 2010. (b) EM (Case 1).

(c) MDI without constraints (Case 2). (d) MDI with constraints (Case 3).

Fig. 1. Accuracy Heat Map. Here we compare how accurate the 2010 estimations are for the three cases considered (b–d) based on the true 2010 joint
distribution (a). Each grid represents pijk values, where i represents the Household Dwelling (HD) type, j represents Household Size (HS), and k for Home
Ownership (HO).

3.2. Results comparison and validation

In this section, we compare three different cases of Eq. (6):

Case 1. Pure entropy EME(p) with constraints shown in Eq. (6).
Case 2. Minimum discrimination information (MDI) EMDI(p, qi) without constraints.
Case 3. MDI EMDI(p, qi) with constraints shown in Eq. (6).

For Case 1, we do not have any prior information on the joint distribution. We may only maximize the entropy of p(2010).
Then from Eq. (6), the objective function reduces to:

E(p(2010)) =


i,j,k

p(2010)
ijk log p(2010)

ijk . (11)

For Case 2, we consider that historical joint distribution for the year 2005 is known. We can then utilize this as a priori
estimator for p(2010). If we only consider the MDI between q(2005) and p(2010), the objective function in Eq. (6) then becomes:

E(p2010) =


i,j,k

p(2010)
ijk log(p(2010)

ijk /q(2005)
ijk ). (12)

It is easy to see that in order tominimize the above problemwithout any constraints, we simply set q(2005) as an estimator
for p(2010).

For Case 3, the optimization problem is identical to Eq. (6) with t = 2005, and ω = 1. The joint distribution can then be
obtained through model optimization.

We then use three different measure methods to compare the performances of the above three estimates of the joint
distribution. The three measures are heat map visualization, Kullback–Leibler (KL) distance and Linfoot’s measures. In all
these statistical measures, the procedure in Case 3 yields the best estimates.

Fig. 1 compares the accuracy of the three cases using heatmaps. Each grid represents a pijk with i = 1, . . . , 8, j = 1, . . . , 6
and k = 1, 2. We can visually observe that the estimate based on MDI with constraints (Case 3) gives the best results.

We nowutilize Kullback–Leibler (KL) distance [24] to compare the estimated joint distribution and the observed one. The
smaller the KL distance between any two distributions is, the closer are their profiles. The KL distance between the discrete
probability distributions P and Q , with P being the real distribution, is defined as:

DKL(P ∥ Q ) =


i

log


P(i)
Q (i)


P(i). (13)

In order to further evaluate the estimation performance, we utilized 5000 randomly sampled joint distributions constrained
by the conditions in Eq. (6). Fig. 2 shows the probability distribution of the KL distance between the real 2010 joint
distribution and the 5000 randomly generated joint distributions. We find that all three estimation methods (Case 1–3)
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Fig. 2. Kullback–Leibler (KL) distance. The figure shows KL distance between the true joint distribution in 2010 and its estimation based on the cases:
ME (Case 1, dotted), MDI without constraints (Case 2, dotdash), and MDI with constraints (Case 3, longdash). The curve (solid line) shows the probability
density of KL distance between the true joint distribution in 2010 and 5000 randomly sampled joint distributions. Lower K–L distances essentially lead to
more accurate estimates.

Table 2
KL Distance and Linfoot’s Measures. The table summarizes the accuracy measures of three estimates (ME,
MDI with constraints, and MDI without constraints) of the 2010 joint distribution.

Measures Estimates
ME MDI W/O MDI W/ 5000 samples
(Case 1) (Case 2) (Case 3) (Mean ± SD)

KL distance 0.0358 0.0223 0.0039 0.3688 ± 0.1215

Linfoot’s measure
C 0.940∗ 1.144∗∗ 1.016 1.4164 ± 0.1696∗∗

Q 0.987 0.988 0.999 0.6263 ± 0.1578∗∗

F 0.962 1.066∗ 1.007 1.0214 ± 0.0230
* 0.05 ≤ |x − 1| < 0.1.
** 0.1 ≤ |x − 1|.

perform much better than a randomly selected joint distribution (about 1–2 orders of magnitude improvement) while
the estimate based on MDI with constraints performs the best. KL distance between the three estimates to the observed
probability is listed in Table 2.

Finally, we use Linfoot’s measures defined as:

C =


i
Q 2(i)

i
P2(i)

F = 1 −


i
(P(i) − Q (i))2

i
P2(i)

Q =


i
P(i) ∗ Q (i)
i
P2(i)

,

(14)

where C measures the relative structural content, F looks at the fidelity or peak alignment, and Q reflects the correlation
quality. Linfoot’s criterion has been previously used to compare a wide range of spatiotemporal signals from brain waves to
human dynamics [12,32,33]. If C = F = Q = 1, P is identical to Q . If all the values are within (0.95, 1.05), P has a strong
statistical match with Q . Linfoot’s measures between estimated joint distribution and observed distribution are shown in
Table 2. The distributions of the Linfoot’smeasures between the 5000 randomly sampled joint distributions and the observed
one (2010) are shown in Fig. 3.

Consistent with previous results, the three estimated joint distributions perform much better than a randomly sampled
joint distribution. The performance of the estimates based on pure ME (Case 1) and the estimates directly obtained from
MDI without constraints (Case 2) are comparable to each other, while the estimation based onMDI with constraints (Case 3)
is the most accurate.

4. Effect of constraints and weight in the accuracy of the estimate

We now explore how constraints and weight affect the estimation of joint distribution. The analysis is useful to guide
the selection of the two parameters in Eq. (1).
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(a) Relative structural content. (b) General similarity.

(c) Correlation quality.

Fig. 3. Linfoot’s Criteria. The figure shows Linfoot’s measures (a) relative structural content, (b) general similarity, and (c) correlation quality, between
the true joint distribution in 2010 and its estimation based on the cases: ME (Case 1, dotted), MDI without constraints (Case 2, dotdash), and MDI with
constraints (Case 3, longdash). The curves (solid line) show the probability densities of the Linfoot’s criteria for 5000 randomly sampled joint distributions.
For measures closer to 1.0, they are considered more accurate.

4.1. Effect of constraints

Weuse Case 1 and Case 3 described in the previous section, and play with various constraints. Table 3 lists all the possible
constraints, consisting of all low-order joint distributions and marginal distributions, of the Singapore household profile
data. As in previous representation, i, j and k denote HD, HS and HO, respectively. The corresponding joint distributions of
each of the two variables are denoted as pij., pi.k and p.jk. The corresponding marginal distributions are pi.., p.j. and p..k. Since
the information contained in the joint distribution of two variables also includes the information contained in theirmarginal
distribution, there are 18 groups of constraints in total, denoted as 0–17 as shown in Table 3. To calculate the information
contained by each constraint group, we first estimate the joint distribution determined purely by the constraint, i.e., pure
maximum entropymethod described in Case 1. Then, the information ismeasured by the KL distance between the estimated
joint distribution and the uniform distribution. The idea behind this measurement is that the bigger the distance from a
specified distribution is to a uniform distribution, the more information it contains. For constraint group 0, no information
is provided. On the other hand, constraint group 18 is the constraint group described in Eq. (6).

Remark 9. In a constraint group, if all the constraints are distributions and there are no interaction among the constraints,
the information described above is the sumof the KL distance between all of the constraints and their corresponding uniform
distributions. For instance, in constraint group 7 (Table 3), the constraints are pi..(i = 1, . . . , 8) and p.j. (j = 1, . . . , 6). The
information is calculated as

i

pi.. log(pi../(1/8)) +


j

p.j. log(p.j./(1/6)) = 0.4769.

We again use KL distance between the estimated joint distribution and the real distribution to measure the accuracy of
estimates (see Fig. 4(a) and (b)). It is observed that the accuracy of estimation is highly determined by the magnitude of
information contained in the constraints. In Case 1, R2 of regressing estimates’ accuracy on constraints’ information is 0.99,
while in Case 3, R2

= 0.8. In Fig. 4(c), the relationship between the information contained in each constraint group and
the number of constraints is observed to be described by a logarithm function with R2

= 0.93. The selection of a proper
constraint group can be conducted according to Fig. 4(c). The points that locate above the fitted curve have a higher capability
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(a) Case 1 (ME). (b) Case 3 (MDI).

(c) Information vs. Number of constraints.

Fig. 4. Estimation Error, Information and Number of Constraints. Figure (a) and (b) show the plots of estimation error (represented by the KL distance
between the estimated joint distribution and the observed joint distribution) vs. the information of constraints (represented by the KL distance between
the constraint and its corresponding uniform distributions); Figure (c) shows the plots of information of each constraint group (represented by the KL
distance between the estimated joint distribution and the uniform distribution) as a function of the number of constraints. The constraint group indices
shown in Table 3 are labeled in the plots here accordingly.

Table 3
List of constraints.

Index Constraints Information #(Constraints) Index Constraints Information #(Constraints)

0 – 0 0 10 pi.., p.jk 0.8224 19
1 pi.. 0.4431 8 11 p.j., pi.k 0.8646 21
2 p.j. 0.0338 6 12 p..k, pij. 0.8524 49
3 p..k 0.3100 2 13 pij., pi.k 0.9302 56
4 pij. 0.5424 48 14 pij., p.jk 0.8879 54
5 pi.k 0.8308 16 15 pi.k, p.jk 0.9002 26
6 p.jk 0.3793 12 16 pi.., p.j., p..k 0.7868 14
7 pi.., p.j. 0.4769 13 17 pij., pi.k, p.jk 0.9478 61
8 pi.., p..k 0.7530 9 18 p.j., pi.k, ei (Eq. (6)) 1.0689 29
9 p.j., p..k 0.34387 7

of contained information than the points below the curve. Hence, constraint group numbers 3, 5, 8, 10, 11, 15, 16 and 18 are
more efficient than other groups. Meanwhile, constraint group 18 recommended by SDOS represents a good compromise
between the number of constraints required and the information contained.



H.-Y. Xu et al. / Physica A 453 (2016) 162–172 171

(a) t = 2000.

(b) t = 2005.

Fig. 5. Estimation Error vs.Weight. The figure shows the plots of estimation error (represented by the KL distance between the estimated joint distribution
and the observed joint distribution) as a function of the weight considered in the joint distribution estimation for both the joint distributions of (a) 2000
and (b) 2005 as references for various constraint groups (see Table 3).

4.2. Effect of weight

To see the impact of weight, Eq. (6) is re-written as:

E(p(t0)) =


i,j,k

p(t0)
ijk (log p(t0)

ijk − ωt log q
(t)
ijk ) (15)

where t0 = 2010, and t = 2005. When ωt = 0, it is the same as Eq. (11); while when ωt = 1, it is the same as
Eq. (12). The plot of KL distance between the estimated joint distribution under each constraint group (Table 3) and the
observed distribution (2010) with respect to the weight ωt is shown in Fig. 5(b). Whereas, the estimation based on the joint
distribution at t = 2000 as the prior estimate is also conducted to compare the impact of weight when prior estimate has
a different accuracy. The corresponding plot of KL distance with respect to the weight for the case t = 2000 is given in
Fig. 5(a). The KL distance between q(2000) and p(2010) is 0.0732, while the KL distance between q(2005) and p(2010) is 0.0223,
suggesting that q(2005) is closer to p(2010).

In addition, Fig. 5 indicates that KL distance is convex and non-monotonic with respect to weight. The optimal weight on
q(2005) is higher than that on q(2000). For example, if we employ constraint group 18 (see Table 3), the optimal ω2005 is 0.89,
while for ω2000 is 0.84. It suggests that higher weight should be assigned closer to the objective joint distribution.

To determine the weight, it would be helpful to incorporate recommendations from experts in the specific area.
Nevertheless, it is observed from Fig. 5 that the impact of weight becomes weaker and weaker as the information provided
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by the constraint group increases. As a case in point, when the information contained in the constraint group is more than
0.8,3 the curve of estimation accuracy as a function of weight is flat, which exhibits a weak impact of the weights.

5. Conclusions

We have proposed a GeneralizedMaximum EntropyMethod (GCEM) to estimate full joint distributions from incomplete
information. The objective functionwas formulated using aweighted sum of the Kullback–Leibler (KL) distance between the
joint distribution and the references. The constraintswere formed frommarginal distributions, low-order joint distributions,
moments and other related characteristics of the joint distribution. The accuracy of themethodwas illustrated by estimating
a joint distribution of Singapore household with respect to household dwelling type (HD), household size (HS), and
household home ownership (HO). Our method yielded a KL distance that was about an order of magnitude better than the
standard maximum entropy method. We also described a method to measure the information contained in each constraint
group that was shown to improve the estimation accuracy. Finally, we outlined how our developed procedure is applicable
to many other areas of research where the recovery of joint distributions from incomplete information is critical.
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